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Abstract

In this paper, we determine all of subgroups of symmetric group Sy
by applying Lagrange theorem and Sylow theorem. First, we observe
the multiplication table of Sy, then we determine all possibilities of
every subgroup of order n, with » is the factor of order 5;. We found
30 subgroups of 55. The diagram of lattice subgroups of 5, is then
presented.
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1 Introduction

For an arbitrary nonempty set S, define A(S) to be the set of all one-to-one
mapping of the set S onto itself. The set A(S) with composition function
operation is a group. If the set S contains n elements, then group A(S) are
denoted by 5,. Group S, has n! elements and will be called the symmetric
group. There are many references on subgroups of Sy and Sy ([2],[4] and [5]).
In this paper, we determine all subgroups of S and then draw diagram of
lattice subgroups of S;.

1

gne of the most important problem of fuzzy group theory is to classify
the fuzzy subgroup of a finite group. Many papers have treated the particular
case of finite cyclic group. Laszlo [3] studied about the construction of fuzzy
subgroup of group of order one to six. Zhang and Zou [13] have determined
the number of fuzzy subgroup of cyclic groups of order p" where p is a prime
number. Murali and Makamba ( [11],[12]) ccmsiclereﬂl similar problem. They
have determined the number fuzzy subgroups of Z,.,2Z, x Z,,Z,» x Z; and
abelian groups of order p"g™ where p and q are different primes. Tarnauceanu
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and Bentea [6] have determined this number for finite abelian groups. Sulaiman
and Abd Ghafur 8] hgl: counted the number of fuzzy subgroups of finite cyclic
groups. All of them have treaffl the particular case of finite abelian group.
It is intefG8ting to investigate the number of fuzzy subgroups of nonabelian
groups. Sulaiman and Abd Ghafur [7] have counted the number of fuzzy
subgroups of nonabelian symmetric groups So, S3 and alternating group A,.
They [9] have counted for group defined by a presentation, too.

There is a very close relationship between the number of chain of lattice
subgroup of group G and the number of fuzzy subgroup of G. Therefore,
the result athis paper, that is a diagram of lattice subgroups of Sy is very
important to determine the number of fuzzy subgroup of 5.

2 Preliminary

We recall some definitions and results that will be used later.
4

Definition 2.1 A partial m*dm‘ndg; a nonempty set P is a binary relation
< on P that is reflexive, anlisymmetric and transitive. The pair < P, <> is
nﬁed a partially ordered set or poset. Poset < P, <> is totally ordered if
r,y € P are comparable, that is & < y ory < x. A nonempty subset S of P is
a chain in P if S is totally ordered by <. (Roman, [10])

19

Definition 2.2 ﬁ < P, <> be a poset and let S . An upper bound for
S is an element x € P for which s Vs; € S. The least upper bound of S is
called the supremum or join @ A lower bound for 5 is an element x € P
for which x < ﬂvg € S. The greatest lower bound of S is called the infimum
or meet of §. Poset < P, <= is called a lattice if cvery pair x,y elements of
P has a supremum and an infimum (Roman, [10]).

18
Note %t. the set Il of subgroups G under the "subgroup™ relation is a
lattice. This lattice is called the lattice itbgmup of G.
15

Theorem 2.3 (Lagrange :urrem ) If G is a finite group and H is a sub-
group of G, then order of H is a divisor of order G (Herstein, [4]).

Theorem 2.4 If G is a finite group and a € G, then order of a is o divisor
of order G (Herstein, [4]).

2
Theorem 2.5 (The First Sylow Theorem) Let (m a finite group and let
|G| = p"m where n > 1, p is a prime number and (p,m) = 1. Then G contains
a subgroup of order p' for each i where 1 < i < n (Fraleigh, [5]).
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Definition 2.6 Let G be a finite grﬂﬁnd let |G| = p"m wheren =1, p
is a prime number and (p,m) = 1. The subgroup of G of order p" is called the
sylow p—subgroup of G (Gardiner, [2]).

2
Theorem 2.7 (The Third Sylow Theorem) Let G be a finite group and let
|G| = p"m where n = 1, p is a prime number and (p, m) = 1. Then the number
of Sylow p—subgroup is of the form (1+ kp), where k is a non-negative integer,
and (1 + kp) divides the order of G (Fraleigh, [5]).
3
Definition 2.8 A subgroup N of G is said to be a normal subgroup of G if

for every g € G andn € N, gng™' € N (Herstein, [}]).

Theorem 2.9 There is a unique Sylow p—subgroup of the finite group G if
only if it is normal {(Gardiner, [2]).

Theorem 2.10 Let G be a group of order pg, where p and g [ERY distinct
primes and p < q. Then G has only one subgroup of order q. This subgroup of
order q is normal in G (Gardiner, [2]).

3 Main Results

Let Sy = {i = id, 01,09, ...,09, 71, T2, ..., Ts, 01, Qa, ..., g } With o = (1234),02 =
(13)(24), o3 = (1432), o4 = (1243),05 = (14)(23), o5 = (1342), o7 = (1324),
os = (12)(34), 79 = (1432),1y = (234),m = (243), ™ = (134), 7, = (143),
75 = (124), 75 = (142), 75 = (123), 75 = (132), a1 = (12),01 = (12),02 = (13),
ag = (14), oy = (23), a5 = (24), oy = (34). Multiplication table of S; can be
seen in [1]. The order of elements of Sy are shown as follows.

Order | Elements

:

1

E T2, 05, Tg, O], kg, 0y, 4, O, O
3
4

Ty T2, Tay T4y 75, Ta T7. T8

o—l? n31 '0—41 'o—(i? HJ-? UH

According to the Lagrange theorem, nontrivial subgroups of S; must have
order 2, 4, 6, 8 or 12. We will determine all of the subgroups of 5;. Clearly,
the subgroup of S; of order 1 is the trivial subgroup H, = {i}.
Subgroups of order 2:

Let K be arbitrary subgroup of S, of order 2. Since 2 is a prime number, then
K is eyelic. Therefore K is generated by an element of S; of order 2. Thus,
all of subgroups of S; of order 2 are Ky = {i, o2}, K3 = {i, o5}, Ky = {i, 08},
1":5 = {'EI,{I[}._ I{ﬁ = {'EI._{I'Q}, I’\’T = {! {1'3}, 1";3 = {!—-,{I‘.-L}._ f';g = {'if._{l';,}._ )r‘:.m =
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{i, o6}

Subgroups of order 3:
Similar to order 2, subgroups of S; of order 3 is generated by amemcnt of 54
of order 3. Thus, all of subgroups of 5, of order 3 are L)) =< 1 =< 17 >=
{L T1,T2}, Lo =<y =< 1y >= {.‘ T3,T4}? Lis =<7y >=< 75 >= {'E'._T_-',._Tﬁ}.,
Ly =< 15 >=< 13 >= {.' ‘T‘-,Tg}.

Subgroups of order 4:

Let M be any arbitrary subgroup of S; of order 4. According to t]hmmm
2.4, then elements must have order 1, 2 or 4. If M consists an element
of order mn M is generated by an element of order 4. The subgroups are
My; =< 01 >=< 03 >=< 03 >= {i,01,02,03}, Mis =< 04 >=< 05 >=<
gg >= {1,04,05,04}, Mi7 =< 07 >=< 03 >=< 09 >= {i,07,08,09}.

If M consists an element of order 2, then M does not have element of order 4.
Therefore the order of all of the elements of M is 2, except identity element.
We will try to multiply all of the combination of elements of order 2. The
following is the multiplication table of the elements of order 2.

Fa 0‘5 1‘73 8 5] Yo ('I'I-; [ ¥ ”'5 (Tﬁ

Ta i T3 (43 a7 a5 | dg | 74 ¥y | Fg

[

o5 | os | ¢ TJg | 0g | T3 | g | Q3 | 01 | O7
Og | 05 | 00 | & g | oy |04 | O | O3 | Oy

.

ay | oy | 75 | o |0 = |7 | | 6 | Os

g | os | oy | og | T |2 Ty | T | T2 | Ty

g | oq |y | o5 | Te | Ta |0 a5 | 75 | Ty
ay |oa |ag |og |7 |8 |os ]| |11 | T2
g |tg |og |0y |75 | o2 | T | T2 | 1§ T

g | Tgp | Tg | Oy | Tg | T Ty 1 Ta i

b

We observe the table above by row, from the second row. We conclude that
{oa, o}, {9, a3}, {02, 04}, {02, a5} are not subsets of M, because the order of
the result of their product is not 2. We get the subgroups of order 4 containing
oy are Mg = {i,09, 05,05} and Mg = {i, 09, a3, a5}. Using similar argument
to the other rows, we obtain the other subgroups of order 4, those are My =
{i, 05, a3, 04} and My = {i, 08, ay, a5}. Thus, we got seven subgroups of order
4.

Subgroups of order 6:
Let N be any arbitrary subgroup of S; of order 6. Since |[N| = 2 x 3, according
to the Theorem 2.7 (The Third Sylow Theorem) then N has only one subgroup
M of order 3. According to the Theorem 2.9, this subgroup M is normal in NV .
There are four possibilities subgroups of order 3, those are Ly, Lya, Ly or Ly,
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Using normality M in N, we got four subgroups of order 6, those are Ny =
{L‘-"u T-.lehhﬂseﬂ'ﬁ}e Na3 = {?'-ef:h T.hﬂz?ﬂ'mﬂﬁ}w"\'rz‘: = {i‘l Taﬂm*‘h.“‘mﬂa} and
Nag = {i, 77, T8, 01, (2, 004 }.

Subgroups of order 8:
Let P be arbitrary subgroup of S; of order 8. Since there is no element of
S, of order 8, then every element of P must have order 1, 2 or 4. Also, since
|5, = 233, then by Theorem 2.7, the number of subgroups of Sy of order 8 is
1 or 3. We will try to construct all of the possibilities and we will stop if we
get three subgroups. We start from the table of orbit of element of order 4.

Element Urh

0, 03 {01,023, 03, i}
Ty, O [04:-(755 TG, i}
a7, 0y {07,058, 00,1}

Considering the orbit, we can conclude that P have only three possibilities:
i) Consists two l’gllﬂlli.ﬁ of order 4
ii) Consists four elements of order 4
iii) No element of order 4.
First, we will determine subgroup of order 8 containing two elements of order
4. The following is a multiplication table between elements of order 4 (which
have same orbit) and elements of order 2.

o | 05 | 0g | ¥y | Cva | (kg | g | (k5 | C¥g

Ty |03 | |G |71 |Fs | T7 | T3 | O5 | Ts

Fq Fq ¥y ¥ T4 ¥ T2 TG Ty Ta

Considering the table above, we conclude that g, a3, oy or ag can not
be added to {i,0y,0,03} in order to be a subgroup of order 8. We get a
subgroup of order 6 if we add the other elements of order 2 namely, Py =
{i,o1,02,03,05,08, 02,05}, Using similar argument, we get the other sub-
groups of S, of order 8, those are Pa; = {i,09, 04, 05, 0g, Og, €3, g} and Pag =
{i, 09,05, 07, 08, 09, 1, g }.

Subgroups of order 12:
Obviously the alternating group A, = {4, 03,05, 1 T2, T3, T T5s Ty T7, Ta } 18
a subgroup of 54 of order 12. We will prove that A, is the unique subgroup of
Sy of order 12. Let H < S; where |H| = 12 and H # A;. We conclude that
(ffeh1 Theorem 2.7), there are three possibilities:
i) Tle number of subgroups H of order 4 is 3 and of order 3 is 4
ii) The number of subgroups H of order 4 is 1 and of order 3 is 1
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iii) The number of subgroups H of order 4 is 3 and of order 3 is 1.

The case i) cannot oceur, because three subgroups of order 3 together with
subgroups of order 4 consist more than 12 elements.
Case ii): Let the subgroup of order 3 is K and let the subgroup of order 4 is
L. According to the Theorem 5, then K and L are normal in H. We can show
that H = KL and kIl = [k, ¥k € K, € L. Hence, H must be abelian. Checking
all of possibilities of K and L, we get a conclusion that this case cannot occur.
Case iii): Let A is a collection of the three subgroups of order 4 and K is
the subgroup of order 3. According to the Theorem 5, then K is normal in
H. Therefore h='kh € K,¥h € H.k € K. Giving counter examples for every
possibility of K we conclude this condition is not held for every subgroup K
of order 3. This means that this case cannot occur. Therefore we got only one
subgroup of order 12 namely alternating group, A,.

According to this result, we have the diagram of lattice subgroups of S is
shown as figure.1 below.

Figure 1: Subgroup lattice of 5.
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